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Abstract: We present a new method of solving the probability distribution for baryons, antibaryons and mesons in
the hadronization of constituent quark and antiquark system. The hadronization is governed by the quark combination
rule in the quark combination model developed by the Shandong Group. We use the method of generating function
to derive the outcome of the quark combination rule, which is much simpler and easier to be generalized than the
previous method. Furthermore, we use the formula of the quark combination rule and its generalization to calculate
the multiplicity distribution of net-protons as well as the ratios of cumulants for net-protons in relativistic heavy-ion
collisions.
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1 Introduction
Most hadronization models such as the Lund string
model [1–4] or the coalescence/recombination models [5–
21] in electron-positron and hadron-hadron collisions as-
sume that a hadron is formed by quarks and antiquarks
in the neighborhood of phase space. Normally the phase
space can be decomposed into the longitudinal and trans-
verse direction. The longitudinal phase space plays a
special role. For example in the Lund model a string is
formed between a quark and an antiquark moving back
to back, it is an object with only one spatial dimension,
i.e. with only the longitudinal phase space. A quark-
antiquark pair is produced as the result of the string
break into two pieces. The process of string breaks con-
tinues until it ends at a lowest energy scale. The trans-
verse momentum space of the excited quark-antiquark
pair is rather limited and can be described by the expo-
nentially suppressed function of the transverse momen-
tum. In relativistic heavy-ion collisions, the longitudinal
phase space is still dominant although the transverse ex-
pansion is significant.
The quark combination model developed by the
Shandong group (SDQCM) [9–11, 22–35] is a kind of
the exclusive or statistical hadronization model which
is different from the Lund string model or the coa-
lescence model. The SDQCM adopts a quark com-
bination rule (QCR) to combine the quarks and anti-
quarks in the neighborhood of the longitudinal phase
space into baryons and mesons. Since the longitudi-
nal phase space is easily described by the momentum
rapidity, the correlation in rapidity is the basis of the
QCR which incorporates the requirement of QCD. Such
kind of QCR in SDQCM has successfully explained many
data of hadronic production in e+e− and pp collisions
[24, 25, 36, 37] and also rapidity distributions of hadrons
in heavy-ion collisions [27, 28, 31, 38].
The probability distributions of the particle numbers
of baryons, antibaryons and mesons is an important ob-
servable in high energy collisions and are closely related
to the hadronization dynamics. Especially the particle
number distributions are essential to search for the crit-
ical end point of the QCD phase diagram in relativistic
heavy-ion collisions [39–43]. In this paper, we propose
a new method to solve the baryon and meson number
distribution in the context of the QCR in the SDQCM.
The new method is much simpler and easier to be gener-
alized to more sophisticated cases than the original one
[44]. Then we use these formula to calculate the multi-
plicity distribution and the ratios of cumulants for net
protons in relativistic heavy-ion collisions.
The paper is organized as follows. In Sec. 2, we
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briefly present the original QCR in the SDQCM. Then we
use the generating function method to solve the particle
number probability of baryons, antibaryons and mesons
for given numbers of quarks and antiquarks. In Sec. 3 we
generalize the original QCR and derive the correspond-
ing particle number probability of baryons, antibaryons
and mesons using the generating function method. In
Sec. 4 we compare the numerical difference between the
original QCR and the generalized QCR in terms of mo-
ments of the antibaryon number. In Sec. 5, we formulate
the fluctuation and correlation of identified hadrons. In
Sec. 6 and 7, we study the effects of the quark number
fluctuation and resonance decays. In Sec. 8, we give
an illustrative example of applying the QCR and gener-
alized QCR to calculate the ratios of cumulants for net
protons in heavy-ion collisions and compare with data.
Finally we give a summary and make discussions in Sec.
9.
2 Baryon and meson formation in origi-
nal quark combination rule
2.1 Original quark combination rule
In the QCM Nq quarks and Nq¯ antiquarks produced
in an event are put into a queue and then allow them to
combine into hadrons one by one following a rule called
the quark combination rule (QCR)[22]. QCR is based on
the basic property of QCD. A qq pair pair may be in a
color octet with a repulsive interaction or a singlet with
a attractive interaction. If qq is adjacent in phase space,
qq will have enough time or opportunity to be in a color
state and hadronizes into a meson. For a qq pair, it may
be in a sextet or an antitriplet. If its nearest neighbor is
a q in phase space, they can hadronizes into a baryon. If
the neighbor of qq is a q, qq will win the competition to
form a meson and leave a q alone to combine with other
quarks and/or antiquarks. This is because the attrac-
tion strength of the singlet for qq¯ is two times that of the
antitriplet for qq (via counting color factor in one-gluon
exchange case). The original QCR proposed in Ref.
[22] reads:
1. Check if there are partons in the queue. If there
are no partons, the process ends. Otherwise, start
from the first parton (q or q) in the queue and go
to the next step.
2. Look at the second parton. If there is no second
parton, the process ends. Otherwise, if the baryon
number of the second parton in the queue is differ-
ent from the first one, i.e. the first two partons are
either qq or qq, they combine into a meson and are
removed from the queue, go to step 1; Otherwise
they are either qq or qq, go to the next step.
3. Look at the third parton. If there is no third par-
ton, the process ends. Otherwise, if the third par-
ton is different in baryon number from the first one,
the first and third parton form a meson and are re-
moved from the queue, go to step 1; Otherwise the
first three partons combine into a baryon or an an-
tibaryon and are removed from the queue, go to
step 1.
The following example show how the above QCR works
q1q2q3q4q5q6q7q8q9q10q11q12q13q14q15q16q17q18q19q20
→ M(q1q2)B(q3q4q5)M(q6q7)M(q8q9)M(q10q11)
B(q12q13q14)M(q15q16)M(q17q19)M(q18q20). (1)
Applying such a QCR to one-dimensional phase space
such as longitudinal rapidity space is straightforward.
However, it is quite complicated in three dimensional
phase space because one can not easily define a particu-
lar hadronization order to apply QCR [45].
2.2 Recursive relation for F (NM ,NB,NB¯,Nr,Nr¯)
We consider the system consisting of Nq quarks
and Nq¯ antiquarks stochastically populated in one-
dimensional phase space. After combination by QCR,
there are NB baryons, NB¯ antibaryons, and NM mesons
formed and Nr quarks and Nr¯ antiquarks left. There
are only five different configurations with (Nr,Nr¯) =
(0,0),(0,1), (1,0),(2,0),(0,2). The quark number con-
servation gives
NM+3NB+Nr=Nq,
NM+3NB¯+Nr¯=Nq¯. (2)
The outcome of implementing the QCR to the queue of
Nq quarks and Nq¯ antiquarks gives a group of numbers
(NM ,NB,NB¯,Nr,Nr¯). The queue (NM ,NB,NB¯,0,0) can
be reached by one of the following ways of adding one q
or q¯ to the end of other four queues with smaller number
of quarks and antiquarks
(a)(NM−1,NB,NB¯,1,0)+ q¯,
(b)(NM−1,NB,NB¯,0,1)+q,
(c)(NM ,NB−1,NB¯,2,0)+q,
(d)(NM ,NB,NB¯−1,0,2)+ q¯. (3)
We use F (NM ,NB,NB¯,Nr,Nr¯) to denote the
number of different queues for a given group
(NM ,NB,NB¯,Nr,Nr¯). We define F (0,0,0,0,0) = 1 and
F (NM ,NB,NB¯,Nr,Nr¯)= 0 for the case that any of NM ,
NB, NB¯, Nr and Nr¯ are negative. Under constraint Eq.
(2), the sum of F (NM ,NB,NB¯,Nr,Nr¯) over all different
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groups of (NM , NB,NB¯,Nr,Nr¯) should be
S(Nq,Nq¯)=
∑
{NM ,NB ,NB¯ ,Nr,Nr¯}
F (NM ,NB,NB¯,Nr,Nr¯)
×δNM+3NB+Nr ,NqδNM+3NB¯+Nr¯ ,Nq¯
=
(
Nq+Nq¯
Nq
)
≡ (Nq+Nq¯)!
Nq!Nq¯!
, (4)
where δi,j =1 if i= j and δi,j =0 if i 6= j.
For non-zero Nr and Nr¯, F (NM ,NB,NB¯,Nr,Nr¯) has
a property
F (NM ,NB,NB¯,Nr,Nr¯)=
NM∑
i=0
F (i,NB,NB¯,0,0). (5)
Proof of Property. We firstly take (Nr,Nr¯)= (1,0) for ex-
ample. We note that the queue giving (NM ,NB,NB¯,1,0)
can be reached by two ways: (a) add q to the end of the
queue with (NM ,NB,NB¯,0,0); (b) add q¯ to the end of
the queue with (NM −1,NB,NB¯,2,0) which can further
be obtained from the queue with (NM − 1,NB,NB¯,1,0)
by adding a q to the end. Thus we obtain the recursive
relation
F (NM ,NB,NB¯,1,0)
=F (NM ,NB,NB¯,0,0)+F (NM−1,NB,NB¯,2,0)
=F (NM ,NB,NB¯,0,0)+F (NM−1,NB,NB¯,1,0). (6)
Solving the above equation recursively we get
Eq. (5), where we have used F (0,NB,NB¯,1,0) =
F (0,NB,NB¯,0,0). The proof of the case (Nr,Nr¯)= (2,0)
is straightforward due to the fact that the queue giving
(NM ,NB,NB¯,2,0) can be only obtained from the queue
with (NM ,NB,NB¯,1,0) by adding a q to the end. The
proof for the cases (Nr,Nr¯)= (0,1) and (Nr,Nr¯) = (0,2)
is similar.
Using properties Eq. (5) and Eq. (3), we obtain
F (NM ,NB,NB¯,0,0)
=F (NM−1,NB,NB¯,1,0)+F (NM−1,NB,NB¯,0,1)
+F (NM ,NB−1,NB¯,2,0)+F (NM ,NB,NB¯−1,0,2).
(7)
We make replacement NM →NM−1 in the above equa-
tion and take the difference between the two, and fi-
nally we use Eq. (5) to get the recursive equation for
F (NM ,NB,NB¯,0,0)
F (NM ,NB,NB¯,0,0)
= 3F (NM−1,NB,NB¯,0,0)
+F (NM ,NB−1,NB¯,0,0)+F (NM ,NB,NB¯−1,0,0).
(8)
where NM > 0, NB > 0, NB¯ > 0 excluding two
cases (NM ,NB,NB¯,Nr,Nr¯) = (0,0,0,0,0),(1,0,0,0,0)
which we have F (0,0,0,0,0) = 1 by definition and
F (1,0,0,0,0)= 2 by simple counting.
2.3 Solution to recursive equation by generating
function method
First we consider a special simple case: NM > 1,
NB =NB¯ =0, Nr=Nr¯=0, Eq. (8) is simplified to
F (NM ,0,0,0,0)= 3F (NM−1,0,0,0,0), (9)
which immediately leads to the solution
F (NM ,0,0,0,0)= 2×3NM−1, (10)
for NM > 1 with F (1,0,0,0,0)= 2.
Now we consider the general case for
F (NM ,NB,NB¯,0,0) with NM > 0, NB > 0, NB¯ > 0.
We define the generating function
A(x,y,z)
=
∞∑
NM=0
∞∑
NB=0
∞∑
NB¯=0
F (NM ,NB,NB¯,0,0)x
NM yNBzNB¯ ,
(11)
and F (NM ,NB,NB¯,0,0) is the coefficient of x
NM yNBzNB¯
in the polynomial expansion of A(x,y,z) once solved.
To solve A(x,y,z), we define a partial generating
function
A(x;NB ,NB¯)=
∞∑
NM=0
F (NM ,NB,NB¯,0,0)x
NM . (12)
Inserting Eq. (8) for NM > 1, we get
(1−3x)A(x;NB ,NB¯)−F (0,NB,NB¯,0,0)
=A(x;NB−1,NB¯)+A(x;NB ,NB¯−1)
−F (0,NB−1,NB¯,0,0)−F (0,NB,NB¯−1,0,0). (13)
In a special case with NB =0 we obtain
A(x;0,NB¯) =
1
(1−3x)NB¯ A(x;0,0)
=
2x
(1−3x)NB¯+1 +
1
(1−3x)NB¯ , (14)
where we have used Eq. (10) and assume 3|x| < 1. In
the same way, we obtain
A(x;NB ,0)=
2x
(1−3x)NB+1 +
1
(1−3x)NB . (15)
We also obtain two sum rules
∞∑
NB=0
A(x;NB ,0)y
NB =
1−x
1−3x−y , (16)
∞∑
NB¯=0
A(x;0,NB¯)z
NB¯ =
1−x
1−3x−z , (17)
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where the convergent region is |y|, |z|< |1−3x|.
We now multiply Eq. (13) by yNBzNB¯ and
take a sum over NB from 1 to infinity and NB¯
from 1 to infinity. By noticing A(x,y,z) =∑∞
NB=0
∑∞
NB¯=0
A(x;NB ,NB¯)y
NBzNB¯ and using Eqs.
(16) and (17), we solve the generating function as
A(x,y,z)=
1−x
1−3x−y−z . (18)
To obtain F (NM ,NB,NB¯,0,0), we firstly extract the
coefficient of zNB¯
C(zNB¯ )=
1−x
(1−3x−y)NB¯+1 . (19)
Then we extract the coefficient of yNB in C(zNB¯ ) as
C(zNB¯yNB )=
(
NB+NB¯
NB
)
1−x
(1−3x)NB+NB¯+1 , (20)
where we have used
(1±w)−n=
∞∑
k=0
(
n−1+k
k
)
(∓1)kwk, (21)
for n > 0 and |w|< 1. Finally we extract the coefficient
of xNM in C(zNB¯yNB ), i.e.,
F (NM ,NB,NB¯,0,0)= 3
NM
(
NB+NB¯
NB
)
×
[(
NM+NB+NB¯
NM
)
− 1
3
(
NM−1+NB+NB¯
NM−1
)]
,
(22)
which give the final result for
F (NM ,NB,NB¯,0,0)
=


(2NM+3NB+3NB¯)(NM+NB+NB¯−1)!
NM !NB !NB¯ !
3NM−1 for NM > 0,(
NB+NB¯
NB
)
for NM =0.
(23)
Eq. (23) is the result of QCR in Sect. 2.1 and was
first given in Ref. [44] by mathematical induction and
traditional combination method. The current derivation
is a simplified one based on the recursive equation and
the method of generating functions. The probability of
forming NM mesons, NB baryons and NB¯ antibaryons
in a quark system with Nq quarks and Nq¯ antiquarks is
given by
P (NM ,NB,NB¯)=
F (NM ,NB,NB¯,0,0)(
Nq+Nq¯
Nq
) . (24)
Here we have removed the label ’0,0’ from
P (NM ,NB,NB¯) since this is the real case in hadroniza-
tion.
3 Baryon and meson formation in gener-
alized quark combination rule
3.1 Generalized quark combination rule
The ratio of baryons to mesons (B/M) given by QCR
in Sect. 2.1 is larger than observation of heavy-ion col-
lisions [46, 47]. In order to suppress the B/M ratio, we
can generalize the QCR in Sect. 2.1 to decrease the for-
mation probability of baryons relative to mesons. The
generalized QCR (gQCR) reads:
1. Check if there are partons in the queue. If there
are no partons, the process ends. Otherwise, start
from the first parton and go to the next step.
2. Look at the second parton. If there is no second
parton, the process ends. Otherwise, if the baryon
number of the second parton is different from the
first one, i.e. the first two partons are either qq
or qq, they combine into a meson and are removed
from the queue, go to step 1; Otherwise they are
either qq or qq, go to the next step.
3. Look at the third parton. If there is no third par-
ton, the process ends. Otherwise, if the baryon
number of the third parton is different from the
first one, the first and third parton form a meson
and are removed from the queue, go to step 1; Oth-
erwise the first three partons are either qqq or qqq,
go to next step.
4. Look at the fourth parton. If there is no fourth
parton, the first three partons form a baryon or
an antibaryon and the process ends. Otherwise, if
the baryon number of the fourth parton is different
from the first one, the first and fourth parton form
a meson and are removed from the queue, go to
step 1; Otherwise the first three partons combine
into a baryon or an antibaryon and are removed
from the queue, go to step 1.
The outcome of implementing the gQCR to the queue
of stochastically populated Nq quarks and Nq¯ anti-
quarks gives a group of numbers (NM ,NB,NB¯,Nr,Nr¯).
Same as in the QCR case, the special queue with
(NM ,NB,NB¯,0,0) can be reached by one of four ways
in (3). Other queues with (NM ,NB,NB¯,Nr,Nr¯) where
Nr 6=0 or Nr¯ 6=0 can be reached by adding q or q¯ to the
end of queues with smaller NM , NB and NB¯. Queues
marked as (NM ,NB,NB¯,1,0) can be reached by
(a)[(NM ,NB,NB¯,0,0)−(NM ,NB,NB¯−1,0,3)]+q,
(b)(NM−1,NB,NB¯,2,0)+ q¯. (25)
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In manner (a), the special queue (NM ,NB,NB¯− 1,0,3)
(which is included in (NM ,NB,NB¯,0,0)) is excluded
because of the step 4 in gQCR. Queues marked as
(NM ,NB,NB¯,0,1) can be reached by
(a)[(NM ,NB,NB¯,0,0)−(NM ,NB−1,NB¯,3,0)]+ q¯,
(b)(NM−1,NB,NB¯,0,2)+q. (26)
Queues marked as (NM ,NB,NB¯,2,0) can be reached by
(a)(NM ,NB,NB¯,1,0)+q,
(b)(NM−1,NB,NB¯,3,0)+ q¯. (27)
Queues marked as (NM ,NB,NB¯,0,2) can be reached by
(a)(NM ,NB,NB¯,0,1)+ q¯,
(b)(NM−1,NB,NB¯,0,3)+q. (28)
The special queues (NM ,NB,NB¯,3,0) and (NM ,NB,
NB¯,0,3) can be build by normal ones
(NM ,NB,NB¯,3,0)= (NM ,NB,NB¯,2,0)+q, (29)
(NM ,NB,NB¯,0,3)= (NM ,NB,NB¯,0,2)+ q¯. (30)
Properties (25-30) lead to following recursive equa-
tions,
F (NM ,NB,NB¯,1,0)=F (NM ,NB,NB¯,0,0)
−F (NM ,NB,NB¯−1,0,2)
+F (NM−1,NB,NB¯,2,0),
F (NM ,NB,NB¯,0,1)=F (NM ,NB,NB¯,0,0)
−F (NM ,NB−1,NB¯,2,0)
+F (NM−1,NB,NB¯,0,2),
F (NM ,NB,NB¯,2,0)=F (NM ,NB,NB¯,1,0)
+F (NM−1,NB,NB¯,2,0),
F (NM ,NB,NB¯,0,2)=F (NM ,NB,NB¯,0,1)
+F (NM−1,NB,NB¯,0,2). (31)
For non-zero Nr and Nr¯, F (NM ,NB,NB¯,Nr,Nr¯) can
be obtained with the help of two properties in A. Us-
ing them, we can derive the recursive equation for
F (NM ,NB, NB¯,0,0)
F (NM ,NB,NB¯,0,0)
=F (NM ,NB−1,NB¯,0,0)+F (NM ,NB,NB¯−1,0,0)
−F (NM ,NB−1,NB¯−1,0,0)
+6F (NM−1,NB,NB¯,0,0)
−3F (NM−1,NB−1,NB¯,0,0)
−3F (NM−1,NB,NB¯−1,0,0)
−10F (NM−2,NB,NB¯,0,0)
+F (NM−2,NB−1,NB¯,0,0)
+F (NM−2,NB,NB¯−1,0,0)
+4F (NM−3,NB,NB¯,0,0). (32)
The detailed derivation of Eq. (32) is given in B.
3.2 Solution to recursive equation by generating
functions for gQCR
We start with the most simple case F (NM ,0,0,0,0)
with NM > 1, Eq. (32) is simplified as
F (NM ,0,0,0,0)
= 6F (NM−1,0,0,0,0)−10F (NM−2,0,0,0,0)
+4F (NM−3,0,0,0,0).
With the initial values F (0,0,0,0,0)= 1, F (1,0,0,0,0)=
2, F (2,0,0,0,0) = 6, and F (3,0,0,0,0) = 20, we obtain
the solution
F (NM ,0,0,0,0)=
1
2
[(
2+
√
2
)NM
+
(
2−
√
2
)NM ]
.
(33)
Now we multiply Eq. (32) by xNM and sum over NM > 3, we obtain the recursive equation Eq. (81) for the
partial generating function A(x;NB,NB¯) defined in Eq. (12). In the special case with NB =0 in Eq. (81) we obtain
A(x;0,NB¯)=
(1−3x+x2)NB¯
(1−6x+10x2−4x3)NB¯ ·
1−2x
1−4x+2x2 , (34)
where we have used
A(x;0,0)=
1−2x
1−4x+2x2 . (35)
In the same way, we derive A(x;NB,0) whose result is given by Eq. (34) by the replacement NB¯ → NB. We also
obtain two summation properties
∞∑
NB=0
A(x;NB,0)y
NB =
1−2x
1−4x+2x2 ·
1−6x+10x2−4x3
1−6x+10x2−4x3−y(1−3x+x2) , (36)
∞∑
NB¯=0
A(x;0,NB¯)z
NB¯ =
1−2x
1−4x+2x2 ·
1−6x+10x2−4x3
1−6x+10x2−4x3−z(1−3x+x2) . (37)
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We multiply Eq. (81) by yNBzNB¯ and take sums over NB > 1 and NB¯ > 1, then we can solve A(x,y,z) as
A(x,y,z)=
1−4x+4x2−yz
1−6x+10x2−4x3−y+3xy−x2y−z+3xz−x2z+yz . (38)
The detailed derivation of (38) is shown in (79-84).
We can extract F (NM ,NB,NB¯,0,0) as the coefficient of x
NM yNBzNB¯ in polynomial expansion of A(x,y,z). The
result is a sum of four terms,
F (NM ,NB,NB¯,0,0)= I1+I2+I3+I4, (39)
where these terms are given by Eq. (92) in D.
4 Particle number distribution for
baryons and mesons
In a system of Nq quark and Nq¯ antiquark, we ob-
tain in Eq. (24) the probability P (NM ,NB,NB¯) to form
NM mesons, NB baryons and NB¯ antibaryons. A general
form of the raw moments of meson and baryon numbers
is
NmMN
n
BN
k
B¯
=
∑
NMNBNB¯
NmMN
n
BN
k
B¯P (NM ,NB,NB¯)
×δNM+3NB ,NqδNM+3NB¯ ,Nq¯ , (40)
where we use an overline to denote the average at fixed
quark and antiquark numbers. The central moments for
baryons and mesons are related by the quark number
conservation
δNnB = δN
n
B¯
,
δNnM =(−3)n δNnB, (41)
where δNi≡Ni−Ni with i=M,B,B¯.
In Fig. 1, we show the ratios of the cumulants for
antibaryons as functions of quark-antiquark asymmetry
z=
Nq−Nq¯
Nq+Nq¯
, (42)
with the original QCR and gQCR at two values of to-
tal quark number x = Nq+Nq¯. The cumulants for an-
tibaryons are given by
C1≡CB¯1 =NB¯,
C2= δN 2B= δN
2
B¯
,
C3= δN 3B= δN
3
B¯
,
C4= δN 4B−3C22 = δN 4B¯−3C22 . (43)
Note that the first order cumulant for baryons is related
to that for antibaryons by CB1 = C1+ zx/3. We see in
Fig. 1 that if x is not too small, C1/x, C2/C1, C3/C2
and C4/C2 mainly depend on the quark-antiquark asym-
metry z (proportional to the net-baryon density) and
are almost independent of x (the system size). Panel
(a) shows antibaryons are less produced with gQCR
than that the QCR. The antibaryon production with
the gQCR is more suppressed than the QCR for larger
z. We can parameterize the antibaryon number [48] as
NB¯/x= (z/3)(1−z)a / [(1+z)a−(1−z)a] with a=3 for
the QCR and a = 5 for the gQCR. We see that the cu-
mulant ratios C2/C1, C3/C2 and C4/C2 tend to unity at
large z. This is because the antiquark number is small
at large z and the aggregation of quarks and antiquarks
in phase space to form baryons and antibaryons is more
stochastic and follows the Poisson distribution. Because
antibaryons are less produced in the gQCR and thus the
feature of the Poisson distribution is more obvious, which
can be seen by that the cumulant ratios in the gQCR ap-
proaches unity more quickly at large z than in the QCR.
At small z, C3/C2 and C4/C2 are small and approach
the Gaussian distribution.
0 0.2 0.4 0.6 0.8 1
/x 1
8−
10
6−
10
4−10
2−10
1
x=400  QCR
x=1000 QCR
x=400  gQCR
x=1000 gQCR
0 0.2 0.4 0.6 0.8 1
1
2
0
0.5
1
0 0.2 0.4 0.6 0.8 1
2
3
0
0.5
1
0 0.2 0.4 0.6 0.8 1
2
4
0
0.5
1
z z
(a) (b)
(c) (d)
C
/C
C
/C
C
/C
C
Fig. 1. The ratios of cumulants for baryon or an-
tibaryon number as functions of quark-antiquark
asymmetry z with the original QCR and gQCR
at two different values of total quark number x:
C1/x, C2/C1, C3/C2 and C4/C2.
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5 Multiplicity property of identified
hadrons
Following the method of Ref. [35, 49], we can ob-
tain some multiplicity properties of identified hadrons
by taking advantage of the stochastic combination rule.
In this paper, we only consider the production of octet
baryons with JP = (1/2)+ and decuplet baryons with
JP = (3/2)+, pseudo-scalar mesons with JP = 0− and
vector mesons JP = 1− in the flavor SU(3) ground
state. The mean values of the multiplicities for identified
baryons and mesona are given by
NBi = gBi
N (q)Bi
Nq (Nq−1)(Nq−2)NB,
NMi = gMi
N (q)Mi
NqNq¯
NM , (44)
with
N (q)Bi =SBi
∏
f
nf,Bi∏
j=1
(Nf−j+1) ,
N (q)Mi =
∏
f
nf,Mi∏
j=1
(Nf−j+1) , (45)
where f denotes the quark or antiquark flavors in the
baryon Bi and the meson Mi, nf,Bi and nf,Mi are the
number of flavor f quarks in Bi andMi respectively, SBi
counts the number of different permutations in quarks
and antiquarks, gBi and gMi are spin selection factors
for Bi and Mi respectively. We introduce a parameter
RV/P to denote the relative weight of vector mesons to
pseudo-scalar mesons with the same quark content, and
introduce parameter RD/O to denote the relative weight
of decuplet baryons to octet baryons with the same quark
content. We take RV/P = 0.45 and RD/O = 0.5 from
the hadronic yields in relativistic high energy collisions
[50, 51].
Taking the proton as an example, we have N (q)p =
3Nu (Nu−1)Nd for all possible combinations of uud.
Then the ratio N (q)p /Nq (Nq−1)(Nq−2) stands for the
formation probability of the proton having the quark
flavor uud. The spin selection factor for the proton is
gp=1/(1+RD/O).
We introduce the configuration of multiple hadrons as
{kh1h1, kh2h2, ...}≡ {khh}, where hi denotes one hadron
and khi its number in the configuration. We define
the joint moment of the multiplicity for such a con-
figuration as N{khh} =
∏
hi
N
khi
hi
, where we have used
the falling factorial of the hadron multiplicity N
kh
h =∏kh
n=1
(Nh−n+1). The average value of the joint mo-
ment of the multiplicity reads
N{khh}=
(∏
hi
g
khi
hi
)
N (q){h}
N
kq
q N
kq¯
q¯
N
kB
B N
kB¯
B¯
N
kM
M , (46)
where kB =
∑
hi
khiQB,hi counts the number of baryons
in the multi-hadron configuration with QB,hi = 1 for hi
being a baryon and QB,hi = 0 for hi being a meson and
an antibaryon, similarly kB¯ counts the number of an-
tibaryons and kM the number of mesons in the multi-
hadron configuration, kq =
∑
hi
khiQq,hi counts the num-
ber of constituent quarks in the multi-hadron configura-
tion with Qq,hi = 3 for hi being a baryon, Qq,hi = 0 for
hi being an antibaryon and Qq,hi =1 for hi being a me-
son, similarly kq¯ counts the number of antiquarks. The
numerator in (46) is defined as
N (q){h}=
(∏
hi
Shi
)∏
f
nf∏
j=1
(Nf−j+1) , (47)
denotes the number of all possible combinations out of all
quarks with specific flavors in the hadrons in the multi-
hadron configuration, where f runs over u,d,s, u¯, d¯, s¯ and
nf =
∑
hi
khinf,hi counts the number of f flavor quarks
or antiquarks in the multi-hadron configuration.
We take a few examples of multi-hadron configura-
tions to illustrate Eq. (46). The first example is the
configuration with two protons, we have kp = 2 and
N 2p ≡Np (Np−1), so we have
N 2p =Np (Np−1)= g2p
N (q)pp
N 6q
NB (NB−1), (48)
where NB (NB−1) denotes the average for all possible
baryon pairs, N (q)pp =3
2N 4uN
2
d is the number of all possi-
ble combinations out of six quarks with specific flavors
in two protons. The ratio N (q)pp /N
6
q gives the probabil-
ity of the six-quark combination having the particular
flavor structure (uud)(uud). The second example is the
configuration ppn¯, we have
N 2pNn¯=Np (Np−1)Nn¯
=
(
g2p
N (q)pp
N 6q
)(
gn¯
N (q)n¯
N 3q¯
)
NB (NB−1)NB¯, (49)
where the first parentheses in the second line gives the
probability of two baryons having the flavor and spin
structure of two protons and the second parentheses gives
the probability of an antibaryon having the flavor and
spin structure of the antineutron.
The all orders of moments and correlation functions
of hadron multiplicity can be built from Eq. (46). The
two-body correlation function reads
Cαβ ≡ δNαδNβ
=NαNβ−NαNβ =Nαβ+δα,βNα−NαNβ , (50)
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where α, β denote two hadrons, and we have used
Nαβ ≡ NαNβ for α 6= β and Nαβ ≡ N 2α for α = β. The
three-body correlation function reads
Cαβγ ≡ δNαδNβδNγ
=NαNβNγ−NαCβγ−NβCαγ−NγCαβ
−NαNβNγ , (51)
where NαNβNγ can be expressed by falling factorials,
NαNβNγ =Nαβγ+δα,βNαγ+δα,γNαβ+δβ,γNαβ
+δα,βδα,γNα. (52)
Here we have used Nαβγ ≡ NαNβNγ for α 6= β 6= γ,
Nαβγ ≡ N 2αNγ for α = β 6= γ and Nαβγ ≡ N 3α for
α= β= γ. Note that Nαβγ is symmetric for any permu-
tation of α, β and γ. The four-body correlation function
can be written as
Cαβγǫ= δNαδNβδNγδNǫ
=NαNβNγNǫ−NαNβNγN ǫ−
(
NαCβγǫ+permutation
)
−(NαNβCγǫ+permutation) , (53)
where NαNβNγNǫ can be expressed by falling factorials
NαNβNγNǫ=Nαβγǫ+
(
δα,βNαγǫ+permutation
)
(54)
+
(
δα,γδβ,ǫNαβ+permutation
)
+δα,βδα,γδα,ǫNα.
Here we have used Nαβγǫ≡NαNβNγNǫ for α 6= β 6= γ 6= ǫ,
Nαβγǫ ≡ N 2αNγNǫ for α = β 6= γ 6= ǫ, Nαβγǫ ≡ N 3αNǫ for
α = β = γ 6= ǫ and Nαβγǫ ≡N 4α for α = β = γ = ǫ. Note
that Nαβγǫ is symmetric for any permutation of α, β, γ
and ǫ.
The cumulants of the net proton number Np −Np¯
can be calculated by combinations of above multi-body
correlation functions (except C1 which is just the mean
value of the net proton number)
C1=Np−N p¯,
C2=Cpp−2Cpp¯+Cp¯p¯,
C3=Cppp−3Cppp¯+3Cpp¯p¯−Cp¯p¯p¯,
C4=Cpppp−4Cpppp¯+6Cppp¯p¯−4Cpp¯p¯p¯+Cp¯p¯p¯p¯−3C22 .
(55)
In Fig. 2, we show the cumulant ratios for the net pro-
ton number with the QCR and the gQCR at given to-
tal quark number x = 2000 as functions of the quark-
antiquark asymmetry z. We have checked that the cu-
mulant ratios of the net proton number are independent
of x for large x. Here we assume the number of strange
quarks is Ns=Ns¯= 0.45Nu¯, where the strangeness con-
servation is satisfied. Because the net-baryon number is
fixed at given numbers of quarks and antiquarks, Fig.
2 only show the fluctuations of the net proton number
brought by the quark combination process.
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Fig. 2. The cumulant ratios of the net proton num-
ber directly-produced through the QCR and the
gQCR as functions of quark-antiquark asymmetry
z at x=2000.
6 Effects of quark number fluctuations
at hadronization
The numbers of quarks and antiquarks may fluctuate
in heavy energy collisions in event by event, so hadronic
observables should be influenced by the fluctuations at
the quark level. We denote the distribution of quark
numbers at hadronization as
P ({Nf})≡P (Nu,Nu¯,Nd,Nd¯,Ns,Ns¯) , (56)
and the event average of a hadronic observable Ah is
given by
〈Ah〉=
∑
{Nf}
P ({Nf})Ah ({Nf}) , (57)
where Ah ({Nf}) denote the average at fixed quark and
antiquark numbers which is obtained in the previous sec-
tion.
In practical evaluation, it is more convenient to take
the expansion of Ah ({Nf}) in Nf around the event-
average numbers of quarks and antiquarks {〈Nf〉} as
Ah=Ah,0+
∑
f
∂Ah
∂Nf
∣∣∣∣
0
δNf
+
1
2
∑
f1f2
∂2Ah
∂Nf1∂Nf2
∣∣∣∣
0
δNf1δNf2+ · · · , (58)
where δNf =Nf−〈Nf 〉 and the subscript ’0’ denotes the
values at 〈Nf〉. Substituting it into Eq. (57), we obtain
〈Ah〉=Ah,0+ 1
2
∑
f1f2
∂2Ah
∂Nf1∂Nf2
∣∣∣∣
0
〈δNf1δNf2〉
+
1
3!
∑
f1f2f3
∂3Ah
∂Nf1∂Nf2∂Nf3
∣∣∣∣
0
〈δNf1δNf2δNf3〉
+ ...., (59)
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which involves multi-body correlations for the quark and
antiquark number with the quark number distribution
P ({Nf})
Cf1f2 ≡〈δNf1δNf2〉 ,
Cf1f2f3 ≡〈δNf1δNf2δNf3〉 ,
Cf1f2f3f4 ≡〈δNf1δNf2δNf3δNf4〉 ,
· · · · · · (60)
where we have used the same symbols C as in Sec. 5 to
denote the quark number correlation functions but with
quark flavor indices.
7 Influence of resonance decays
The long life (stable) hadrons measured in experi-
ments include contributions from resonance decays. In
this section we consider the influence of resonance decays
to the multiplicity correlations of long life hadrons. For
a resonance hi, its stable daughters are denoted as α, β,
γ, etc., and the corresponding decay branching ratios are
Diα, Diβ, Diγ , etc., respectively. The distribution func-
tion of {Nα,Nβ ,Nγ , · · · } from decays of the resonance hi
with the particle number Nhi is denoted as f (Nhi ,{N iα})
where N iα denotes number of the stable hadron α from
the resonance hi. We take the multi-nominal distri-
bution for selection of decay channels. Convoluting
with the joint distribution of directly produced hadrons
P ({Nhi} ,{〈Nf〉}) at hadronization, we get the joint dis-
tributions of stable hadrons F ({Nα,Nβ,Nγ , · · · }) [35].
From the joint distribution functions of stable
hadrons, we get the average yield of a stable hadron α
〈Nα〉=
∑
i
〈Ni〉Diα, (61)
where the index i runs over all directly produced hadron
species including stable hadrons (we define Dαα = 1),
and we have used shorthand notation Ni ≡ Nhi . The
two-body multiplicity correlation function is
Cαβ =
∑
ij
CijDiαDjβ+
∑
i
〈Ni〉Diα (δαβ−Diβ) . (62)
The three-body multiplicity correlation function of sta-
ble hadrons is
Cαβγ =
∑
ijk
CijkDiαDjβDkγ+
∑
ij
CijDiα [δαβ−Diβ]Djγ
+
∑
ij
CijDiαDjβ {[δαγ−Diγ]+[δβγ−Djγ]}
+
∑
i
〈Ni〉Diα [(δαβ−Diβ) (δαγ−Diγ)
+Diβ (Diγ−δβγ)] . (63)
The four-body multiplicity correlation function of stable
hadrons is
Cαβγǫ=
∑
ijkl
CijklDiαDjβDkγDlǫ
+
∑
ijk
[Cijk+〈Ni〉Cjk]
{
(δαβ−Diβ)DiαDjγDkǫ+(δαγ−Diγ)DiαDjβDkǫ
+(δαǫ−Diǫ)DiαDjγDkβ+(δβγ−Diγ)DiβDjαDkǫ+(δβǫ−Diǫ)DiβDjαDkγ+(δγǫ−Diǫ)DiγDjαDkβ
}
+
∑
ij
[Cij+〈Ni〉〈Nj〉]
{
Diα (δαβ−Diβ)Djγ (δγǫ−Djǫ)
+Diα (δαγ−Diγ)Djβ (δβǫ−Djǫ)+Diα (δαǫ−Diǫ)Djβ (δβγ−Djγ)
}
+
∑
ij
CijDiα {(δαβ−Diβ)(δαγ−Diγ)+Diβ (Diγ−δβγ)}Djǫ+
∑
ij
CijDiα {(δαβ−Diβ)(δαǫ−Diǫ)+Diβ (Diǫ−δβǫ)}Djγ
+
∑
ij
CijDiα {(δαγ−Diγ) (δαǫ−Diǫ)+Diγ (Diǫ−δγǫ)}Djβ+
∑
ij
CijDiβ {(δβγ−Diγ) (δβǫ−Diǫ)+Diγ (Diǫ−δγǫ)}Djα
+
∑
i
〈Ni〉Diα
{
−6DiβDiγDiǫ+2[δαβDiγDiǫ+(δαγ+δβγ)DiβDiǫ+(δαǫ+δβǫ+δγǫ)DiβDiγ ]
− [(δαγδβǫ+δαǫδβγ+δαγδαǫ+δβγδβǫ)Diβ +(δαβδγǫ+δαβδαǫ)Diγ+δαβδαγDiǫ]+δαβδαγδαǫ
}
. (64)
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The higher order multiplicity correlation functions
can similarly be derived from the joint distribution func-
tions of stable hadrons.
8 Application: cumulants for net pro-
tons in heavy ion collisions
In this section, we take a simple example of a quark
system and calculate the cumulant ratios for net protons
in the final state with gQCR. We will compare our results
with experimental data in Au+Au collisions at RHIC.
We consider a quark system having the property
Sσ ≡ C3/C2 = z and κσ2 ≡ C4/C2 = 1 for the baryon
quantum number, which is similar to the base line in the
grand canonical ensemble in statistical model [52]. A
simple case for the quark number correlation functions
satisfying the above property is
Cff = 〈Nf 〉,
Cfff =3〈Nf〉,
Cffff =9〈Nf〉+3〈Nf 〉2, (65)
for diagonal elements and non-vanishing off-diagonal el-
ements (f1 6= f2)
Cf1f1f2f2 = 〈Nf1〉〈Nf2〉. (66)
We also assume following properties for correlation func-
tions of the strangeness as a result of strangeness conser-
vation
Css¯=Css,
Csss¯=Css¯s¯=Csss,
Csss¯s¯=Cssss. (67)
As total quark number x is not too small, the cumu-
lant ratios for net protons in the final state in our model
is weakly dependent of x (the system size). We use Eq.
(61) to fit the data of the p¯/p yield ratio in Au+Au
collisions at different collisional energies and build the
correspondence between z and the collisional energies in
the range
√
sNN ∈ [7,200] GeV.
In Fig. 3, we show the results for the cumulant ra-
tios for net protons in the final state at different colli-
sional energies. Here, we take x=5000 as an illustration
and only incorporate the contributions of quark num-
ber fluctuations and correlations up to fourth order as
in Eq. (59). The auxiliary horizontal axis shows the
corresponding quark-antiquark asymmetry parameter z.
Results including the contributions from strong and elec-
tromagnetic (S&EM) decays of resonances are in dashed
lines, while results with full decay contributions includ-
ing weak decays are in solid lines. The STAR data are
shown in solid circles with error bars.
10
210
2
σ
M
/
0
0.5
1
10
210
σS
0
0.5
1
<0.8 GeV/c
T
0-5%  0.4<p
10
210
2
σ
κ
0.4
0.6
0.8
1
1.2 0.030.040.10.20.30.4
 (GeV)
NN
s
z
0.030.040.20.30.4
0.030.040.20.30.4
QCM S	EM decay
QCM full decay
Fig. 3. The cumulant ratios for net proton at dif-
ferent collision energies. Solid circles with error
bars are experimental data [43, 53]. Solid and
dashed lines are theoretical results of SDQCM.
We see in the figure that the cumulant ratios for net
protons as functions of collisional energies in our model
can describe the experimental data: M/σ2 and Sσ in-
crease with z or equivalently decrease with collisional en-
ergies, while κσ2 decreases with collisional energies until
it reaches a minimum at
√
sNN =20 GeV and then in-
creases toward unity at high energies. Our results for
κσ2 are the consequence of the competition between two
effects: (1) The cumulant ratio C4/C2 from directly pro-
duced net protons by quark combination, as shown in
Fig. 2, always decreases with increasing z; (2) The cu-
mulant ratio C4/C2 for baryons or antibaryons, as shown
in Fig. 1, rapidly increases as z & 0.2 (corresponding to√
sNN . 20 GeV).
We now make some remarks about the results for κσ2
of net protons. Although our results for net protons can
reproduce the nontrivial dependence on collisional ener-
gies, we always have κσ2=1 for net baryons at all colli-
sional energies due to the flavor/charge conservation in
quark combination. Therefore, our results indicate that,
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at least in this simple case, one cannot conclude that such
a quantity for the net proton number can directly reflect
that for the net baryon number which is directly related
to the phase transition dynamics. Of course the cur-
rent model is only for illustration, in order to probe the
phase transition dynamics by net protons more realistic
ingredients should be incorporated into the model. For
example, we should assume more realistic quark number
fluctuations and correlations in a thermal quark system
in midrapidity via grand-canonical statistics or canonical
statistics with Bernoulli trial selection of the midrapid-
ity range. In addition we should also consider various
effects related to finite acceptance window such as the
diffusion/blur of charges during hadronization and sub-
sequent hadronic re-scatterings as well as that caused by
resonance decay [49, 54–67]. We will study these effects
in this framework in the future.
9 Summary
We developed a new statistical method to solve the
probability distribution for the numbers of baryons, an-
tibaryons and mesons formed in hadronization of a con-
stituent quark and antiquark system governed by the
quark combination rule (QCR) in the quark combina-
tion model developed by Shandong Group. We use
a set of numbers (NM ,NB,NB¯,Nr,Nr¯) to classify the
outcome of implementing the QCR for a queue of Nq
quarks and Nq¯ antiquarks, where there are NM mesons,
NB baryons and NB¯ antibaryons formed by combina-
tion but with Nr quarks and Nr¯ antiquarks left with-
out forming hadrons. The number of different ways of
a given configuration (NM ,NB,NB¯,Nr,Nr¯) is denoted
as F (NM ,NB,NB¯,Nr,Nr¯). We build the recursive re-
lation for F (NM ,NB,NB¯,0,0). We adopt the generating
function method to solve the recursive relation and give
the analytical expression of F (NM ,NB,NB¯,0,0). This
method is much simpler than the previous one and is
easy to generalize. To accommodate the baryon yield in
experimental data in relativistic heavy-ion collisions, we
consider a generalized combination rule (gQCR). We give
the solution of baryon and meson probability distribution
function under the new rule. Because the (anti)baryon
production is more suppressed in the gQCR, we find that
the cumulant ratios of the antibaryon number reach the
Poisson statistics more rapidly in the gQCR than in the
QCR with increasing baryon number density.
We formulate the multiplicity fluctuation and corre-
lation functions for identified baryons directly produced
in collisions. We also formulate correlation functions
of final state hadrons including contributions from res-
onance decays. As an illustrative example we consider
a quark-antiquark system having the property Sσ = z
and κσ2 = 1 for the baryon quantum number, which is
similar to the base line in the grand-canonical ensemble
in the statistical model. We calculate the cumulant ra-
tios in the quark combination model and find that Sσ
for net protons in the model increases with decreasing
collisional energies, which is consistent with the experi-
mental observation. More interesting is that κσ2 for net
protons has a nontrivial energy behavior consistent with
the data. We argue that the cumulant ratios for net pro-
tons may not reflect the properties of net baryons which
is directly related to the phase transition dynamics.
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A Derivation of two properties for gQCR
We present two properties for F (NM ,NB,NB¯,Nr,Nr¯) in this appendix.
Property 1. For (Nr,Nr¯) = (1,0),(0,1), F (NM ,NB,NB¯,Nr,Nr¯) can be expressed in terms of F (N
′
M ,N
′
B,N
′
B¯
,0,0)
with N ′M 6NM , N
′
B 6NB and N
′
B¯ 6NB¯,
F (NM ,NB,NB¯,1,0)=
NM∑
nM=0
NB∑
nB=0
NB¯∑
nB¯=0
C10nB ,nB¯ (nM)2
NM−1−nM+δnM,NM F (nM ,NB−nB,NB¯−nB¯,0,0),
F (NM ,NB,NB¯,0,1)=
NM∑
nM=0
NB∑
nB=0
NB¯∑
nB¯=0
C01nB ,nB¯ (nM)2
NM−1−nM+δnM,NM F (nM ,NB−nB,NB¯−nB¯,0,0), (68)
where the coefficients C10nB ,nB¯ (nM ) are given by C
10
0,0(nM)= 1 and
C10a,b(nM)= (−1)a+b
NM∑
j1=nM
· · ·
NM∑
ja+b=ja+b−1
1, forb= a,a+1,
C10a,b(nM)= 0, forb 6= a,a+1, (69)
for a+b> 0. The coefficients C01nB ,nB¯ (nM ) are given by C
01
0,0(nM)= 1 and
C01a,b(nM)= (−1)a+b
NM∑
j1=nM
· · ·
NM∑
ja+b=ja+b−1
1, forb= a,a−1,
C01a,b(nM)= 0, forb 6= a,a−1, (70)
for a+b> 0. Note that the sums over nB, nB¯ and nM in Eq. (68) continues until any of the baryon, antibaryon and
meson number become negative since F (NM ,NB,NB¯,Nr,Nr¯)= 0 for the case that any of NM , NB, NB¯, Nr or Nr¯ are
negative.
Property 2. For (Nr,Nr¯) = (2,0),(0,2), F (NM ,NB,NB¯,Nr,Nr¯) can be expressed in terms of F (N
′
M ,N
′
B,N
′
B¯,0,0)
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with N ′M 6NM , N
′
B 6NB and N
′
B¯ 6NB¯,
F (NM ,NB,NB¯,2,0)=
NM∑
nM=0
NB∑
nB=0
NB¯∑
nB¯=0
C20nB ,nB¯ (nM )2
NM−nMF (nM ,NB−nB,NB¯−nB¯,0,0),
F (NM ,NB,NB¯,0,2)=
NM∑
nM=0
NB∑
nB=0
NB¯∑
nB¯=0
C02nB ,nB¯ (nM )2
NM−nMF (nM ,NB−nB,NB¯−nB¯,0,0), (71)
where the coefficients are identical to Eqs. (69,70): C20nB ,nB¯ (nM)=C
10
nB ,nB¯
(nM) and C
02
nB ,nB¯
(nM )=C
01
nB ,nB¯
(nM).
In order to prove the two properties in Eq. (68) and Eq. (71), we can solve F (NM ,NB,NB¯,2,0) by substituting
the first equation into the third one in Eq. (31),
F (NM ,NB,NB¯,2,0)=
NM∑
nM=0
[F (nM ,NB,NB¯,0,0)−F (nM ,NB,NB¯−1,0,2)]×2NM−nM . (72)
In the same way, we can solve F (NM ,NB,NB¯,0,2) by substituting the second equation into the fourth one in Eq.
(31)
F (NM ,NB,NB¯,0,2)=
NM∑
nM=0
[F (nM ,NB,NB¯,0,0)−F (nM ,NB−1,NB¯,2,0)]×2NM−nM . (73)
From Eqs. (72,73) we obtain Eq. (71). Then from Eq. (71) and the last two equations of (31) we obtain Eq. (68).
B Derivation of recursive equation Eq. (32)
We derive the recursive equation for F (NM ,NB,NB¯,0,0) with the help of Eq. (31). We start from Eq. (7) which
also holds for gQCR. Using Eq. (31), Eq. (7) can be rewritten as
F (NM ,NB,NB¯,0,0)=G(NM ,NB,NB¯)−3G(NM−1,NB,NB¯)+G(NM−2,NB,NB¯), (74)
where G is defined by
G(NM ,NB,NB¯)=F (NM ,NB,NB¯,2,0)+F (NM ,NB,NB¯,0,2). (75)
We need to define another auxiliary function
H(NM ,NB,NB¯)=F (NM ,NB−1,NB¯,2,0)+F (NM ,NB,NB¯−1,0,2)
= 2F (NM ,NB,NB¯,0,0)+2G(NM−1,NB,NB¯)−G(NM ,NB,NB¯)
=G(NM ,NB,NB¯)−4G(NM−1,NB,NB¯)+2G(NM−2,NB,NB¯), (76)
where we have used the first two equalities of Eq. (31) to obtain second line and used Eq. (74) to obtain the last
line. On the other hand, we can also derive another form of H(NM ,NB,NB¯) by applying the last two equalities and
then the first two equalities of Eq. (76) and finally applying Eq. (31), the result is
H(NM ,NB,NB¯)=F (NM ,NB−1,NB¯,1,0)+F (NM−1,NB−1,NB¯,2,0)+F (NM ,NB,NB¯−1,0,1)
+F (NM−1,NB,NB¯−1,0,2)
= 2H(NM−1,NB,NB¯)−G(NM ,NB−1,NB¯−1)+G(NM ,NB−1,NB¯)
−3G(NM−1,NB−1,NB¯)+G(NM−2,NB−1,NB¯)+G(NM ,NB,NB¯−1)
−3G(NM−1,NB,NB¯−1)+G(NM−2,NB,NB¯−1). (77)
From Eq. (76), we also obtain
H(NM ,NB,NB¯)−2H(NM−1,NB,NB¯)
=G(NM ,NB,NB¯)−6G(NM−1,NB,NB¯)+10G(NM−2,NB,NB¯)−4G(NM−3,NB,NB¯). (78)
By equating Eq. (77) and Eq. (78) we derive the recursive equation for G and then for F (NM ,NB,NB¯,0,0) through
Eq. (74) as in Eq. (32).
Vol. xx, No. x (201x) xxxxxx
C Derivation of generating functions for gQCR
We multiply Eq. (32) by xNM and sum over NM > 3 (the equation is well defined for NM > 3), we obtain
A(x;NB ,NB¯)−x2F (2,NB,NB¯,0,0)−xF (1,NB,NB¯,0,0)−F (0,NB,NB¯,0,0)
=A(x;NB−1,NB¯)−x2F (2,NB−1,NB¯,0,0)−xF (1,NB−1,NB¯,0,0)−F (0,NB−1,NB¯,0,0)
+A(x;NB ,NB¯−1)−x2F (2,NB,NB¯−1,0,0)−xF (1,NB,NB¯−1,0,0)−F (0,NB,NB¯−1,0,0)
−A(x;NB−1,NB¯−1)+x2F (2,NB−1,NB¯−1,0,0)+xF (1,NB−1,NB¯−1,0,0)
+F (0,NB−1,NB¯−1,0,0)+6x[A(x;NB,NB¯)−xF (1,NB ,NB¯,0,0)−F (0,NB,NB¯,0,0)]
−3x[A(x;NB−1,NB¯)−xF (1,NB−1,NB¯,0,0)−F (0,NB−1,NB¯,0,0)]
−3x[A(x;NB ,NB¯−1)−xF (1,NB,NB¯−1,0,0)−F (0,NB,NB¯−1,0,0)]
−10x2[A(x;NB ,NB¯)−F (0,NB,NB¯,0,0)]+x2[A(x;NB−1,NB¯)
−F (0,NB−1,NB¯,0,0)]+x2[A(x;NB,NB¯−1)−F (0,NB,NB¯−1,0,0)]
+4x3A(x;NB ,NB¯). (79)
One can verify that a complete cancellation occurs for terms proportional to x2 and those proportional to x after
applying Eq. (32) for NM =2 and NM =1 respectively. The constant terms in F reads
I =F (0,NB,NB¯,0,0)−F (0,NB−1,NB¯,0,0)−F (0,NB,NB¯−1,0,0)+F (0,NB−1,NB¯−1,0,0)
= δNBNB¯ ,0−δ(NB−1)NB¯ ,0−δNB(NB¯−1),0+δ(NB−1)(NB¯−1),0, (80)
where we have used the initial value F (0,NB,NB¯,0,0) = δNBNB¯ ,0. This means that if there are no mesons, baryons
and antibaryons cannot coexist, and if there are only quarks or antiquarks in the system the number of different
queues is 1. Then Eq. (79) is simplified as
A(x;NB ,NB¯)= (6x+4x
3−10x2)A(x;NB,NB¯)+(1−3x+x2) [A(x;NB−1,NB¯)+A(x;NB ,NB¯−1)]
−A(x;NB−1,NB¯−1)+δNBNB¯ ,0−δ(NB−1)NB¯ ,0−δNB(NB¯−1),0+δ(NB−1)(NB¯−1),0. (81)
We now multiply Eq. (81) by yNBzNB¯ and take a sum over NB > 1 and NB¯ > 1 to obtain
(1−6x+10x2−4x3)A(x,y,z)
= (1−3x+x2)
∞∑
NB¯=1
∞∑
NB=1
yNBzNB¯ [A(x;NB−1,NB¯)+A(x;NB ,NB¯−1)]−
∞∑
NB¯=1
∞∑
NB=1
A(x;NB−1,NB¯−1)yNBzNB¯
+
∞∑
NB¯=1
∞∑
NB=1
[
δNBNB¯ ,0−δ(NB−1)NB¯ ,0−δNB(NB¯−1),0 +δ(NB−1)(NB¯−1),0
]
yNBzNB¯ , (82)
To simplify the above equation, we use
∞∑
NB¯=1
∞∑
NB=1
A(x;NB−a,NB¯−b)yNBzNB¯
= δa,1δb,1yzA(x,y,z)+δa,0δb,1z

A(x,y,z)− ∞∑
NB¯=0
A(x;0,NB¯)z
NB¯

+δa,1δb,0y
[
A(x,y,z)−
∞∑
NB=0
A(x;NB ,0)y
NB
]
+δa,0δb,0
[
A(x,y,z)−
∞∑
NB=0
A(x;NB ,0)y
NB −
∞∑
NB¯=0
A(x;0,NB¯)z
NB¯ +A(x;0,0)

 , (83)
and
−yz=
∞∑
NB¯=1
∞∑
NB=1
[
δNBNB¯ ,0−δ(NB−1)NB¯ ,0 −δNB(NB¯−1),0+δ(NB−1)(NB¯−1),0
]
yNBzNB¯ , (84)
as well as Eqs. (36) and (37), we finally obtain Eq. (38).
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D Derivation of Eq. (39) in gQCR
From Eq. (38) we can extract F (NM ,NB,NB¯,0,0), the coefficient of x
NM yNBzNB¯ in the polynomial expansion of
A(x,y,z). To this end we rewrite A(x,y,z) as
A(x,y,z)
=
1−4x+4x2−yz
1−6x+10x2−4x3
∞∑
i=0
[
1−3x+x2
1−6x+10x2−4x3 (y+z)−
1
1−6x+10x2−4x3 yz
]i
=
1−4x+4x2−yz
1−6x+10x2−4x3
∞∑
i=0
∑
j+k+l=i
(
i
j, k, l
)
yj+lzk+l×
(
1−3x+x2
1−6x+10x2−4x3
)j+k( −1
1−6x+10x2−4x3
)l
=
1−4x+4x2−yz
1−6x+10x2−4x3
∞∑
i=0
i∑
j=0
i∑
k=0
(
i
j, k, i−j−k
)
yi−kzi−j×
(
1−3x+x2
1−6x+10x2−4x3
)j+k( −1
1−6x+10x2−4x3
)i−j−k
,
(85)
where we have used the multinomial theorem
(w1+w2+ · · ·+wm)n=
∑
k1+k2+···+km=n
(
n
k1, k2, . . . , km
) m∏
t=1
wktt , (86)
with multinomial coefficients (
n
k1, k2, . . . , km
)
=
n!
k1!k2! · · ·km! . (87)
Then we can extract the coefficient of yNBzNB¯ as
C(yNBzNB¯ )=C1+C2+C3+C4, (88)
where C1,2,3,4 are given by
C1=
1
1−6x+10x2−4x3
∞∑
i=0
(
i
i−NB, i−NB¯, NB+NB¯− i
)(
1−3x+x2
1−6x+10x2−4x3
)2i−NB−NB¯ ( −1
1−6x+10x2−4x3
)NB+NB¯−i
C2=
−4x
1−6x+10x2−4x3
∞∑
i=0
(
i
i−NB, i−NB¯, NB+NB¯− i
)(
1−3x+x2
1−6x+10x2−4x3
)2i−NB−NB¯ ( −1
1−6x+10x2−4x3
)NB+NB¯−i
C3=
4x2
1−6x+10x2−4x3
∞∑
i=0
(
i
i−NB, i−NB¯, NB+NB¯− i
)(
1−3x+x2
1−6x+10x2−4x3
)2i−NB−NB¯ ( −1
1−6x+10x2−4x3
)NB+NB¯−i
C4=− 1
1−6x+10x2−4x3
∞∑
i=0
(
i
i−NB+1, i−NB¯+1, NB+NB¯−2− i
)
×
(
1−3x+x2
1−6x+10x2−4x3
)2i−NB−NB¯+2( −1
1−6x+10x2−4x3
)NB+NB¯−2−i
. (89)
Note that we have expressed the summation indices j and k in terms of NB and NB¯ for a given summation index i.
The sum over i involves a finite number of terms. For example, in C1, we have NB+NB¯ > i>Max(NB,NB¯), since
any terms in the summation with the factorial of a negative integer in the denominator are vanishing.
We can factorize the following two polynomials as
1−3x+x2=
(
1− 3+
√
5
2
x
)(
1− 3−
√
5
2
x
)
, (90)
6x+10x2−4x3=6x(1−x)
(
1− 2
3
x
)
, (91)
000000-15
Vol. xx, No. x (201x) xxxxxx
and expand C1, C2, C3, C4 into a power series of x with the help of the binomial theorem. Then we can extract the
coefficient of xNM in C(yNBzNB¯ ). This gives the coefficient of xNM yNBzNB¯ in A(x,y,z) or F (NM ,NB,NB¯,0,0) as the
sum of the following four terms
I1=
∞∑
i=0
(−1)NB+NB¯−i
(
i
i−NB, i−NB¯, NB+NB¯− i
) ∑
j+k+l+m+n=NM
(
2i−NB−NB¯
j
)(
2i−NB−NB¯
k
)
×
(
−3+
√
5
2
)j(
−3−
√
5
2
)k(
i+ l
l
)
6l
(
l
m
)
(−1)m
(
l
n
)(
−2
3
)n
I2=−4
∞∑
i=0
(−1)NB+NB¯−i
(
i
i−NB, i−NB¯, NB+NB¯− i
) ∑
j+k+l+m+n=NM−1
(
2i−NB−NB¯
j
)(
2i−NB−NB¯
k
)
×
(
−3+
√
5
2
)j(
−3−
√
5
2
)k(
i+ l
l
)
6l
(
l
m
)
(−1)m
(
l
n
)(
−2
3
)n
I3=4
∞∑
i=0
(−1)NB+NB¯−i
(
i
i−NB, i−NB¯, NB+NB¯− i
) ∑
j+k+l+m+n=NM−2
(
2i−NB−NB¯
j
)(
2i−NB−NB¯
k
)
×
(
−3+
√
5
2
)j(
−3−
√
5
2
)k(
i+ l
l
)
6l
(
l
m
)
(−1)m
(
l
n
)(
−2
3
)n
I4=−
∞∑
i=0
(−1)NB+NB¯−i
(
i
i−NB+1, i−NB¯+1, NB+NB¯−2− i
) ∑
j+k+l+m+n=NM
(
2i−NB−NB¯+2
j
)(
2i−NB−NB¯+2
k
)
×
(
−3+
√
5
2
)j(
−3−
√
5
2
)k(
i+ l
l
)
6l
(
l
m
)
(−1)m
(
l
n
)(
−2
3
)n
, (92)
which give the final result of gQCR in Sec. 3.
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